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Abstract
We study the Re´nyi entropy and subsystem distances on one interval for the finite size and
thermal states in the critical XY chains, focusing on the critical Ising chain and XX chain with
zero transverse field. We construct numerically the reduced density matrices and calculate the von
Neumann entropy, Re´nyi entropy, subsystem trace distance, Schatten two-distance, and relative
entropy. As the continuum limit of the critical Ising chain and XX chain with zero field are,
respectively, the two-dimensional free massless Majorana and Dirac fermion theories, which are
conformal field theories, we compare the spin chain numerical results with the analytical results in
CFTs and find perfect matches in the continuum limit.
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1 Introduction
Quantum entanglement has become one of the key tools to the understanding of the quantum many-
body systems and quantum field theories [1–5]. For a quantum system in a state with the density
matrix ρ, one could choose a subsystem A and trace out the degrees of freedom of its complement A¯
to get the reduced density matrix (RDM) ρA = trA¯ρ of the subsystem. With the RDM ρA, one could
compute the von Neumann entropy
SA = −trA(ρA log ρA), (1.1)
and Re´nyi entropy
S
(n)
A = −
1
n− 1 log trAρ
n
A. (1.2)
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The n→ 1 limit of the Re´nyi entropy gives the von Neumann entropy
SA = lim
n→1
S
(n)
A . (1.3)
When the whole system is in a pure state ρ = |Ψ〉〈Ψ|, the von Neumann entropy is a rigorous measure of
the entanglement, which is usually called the entanglement entropy, but in cases where the whole system
is in a mixed state neither the von Neumann entropy nor the Re´nyi entropy is a good entanglement
measure. Nevertheless they are still interesting quantities that characterize to some extent the amount
of entanglement.
In this paper we will consider a subsystem A that is an interval of length ` in a one-dimensional
quantum system, and it has different RDMs ρA in different states ρ of the total system. The most
general case we will consider is an interval on a torus with spatial circumference L and imaginary
temporal period β, which is a finite system in a thermal state. We denote the RDM of the interval in
such a state as ρA(L, β). Taking β → ∞ limit we get an interval on a vertical cylinder with spatial
period L, which is a finite system in the ground state. We denote the RDM in such a state as ρA(L).
On the other hand, taking L → ∞ for the torus, we get an interval on a horizontal cylinder with
imaginary temporal period β, which is an infinite system in a thermal state. We denote the RDM in
such a state as ρA(β). Taking both L→∞ and β →∞ limit, we get an interval on a complex plane,
which is an infinite system in the ground state. We will denote the RDM in such a state as ρA(∅).
The continuum limit of one-dimensional critical quantum spin chains could be described by two-
dimensional (2D) conformal field theories (CFTs) [6–10]. Some examples are the continuum limit of
the critical Ising chain, which is the 2D free massless Majorana fermion theory and is a 2D CFT with
central charge c = 12 , and the continuum limit of the XX chain with zero transverse field that gives
the 2D free massless Dirac fermion theory, or equivalently the 2D free massless compact boson theory
with the unit radius target space, which is a 2D CFT with central charge c = 1. The spin chains at
critical points demonstrate universal properties that are captured by the corresponding CFTs, and it
is interesting to compare various quantities in critical spin chains with the CFT predictions. In this
paper we will consider the von Neumann and Re´nyi entropies. Some examples are the cases of one
interval in the ground state [11–14] and excited states [15–17], and the cases of multiple intervals in
the ground state [18–33]. In this paper, we consider the case of one interval in a state with both a
finite size and a finite temperature in the critical XY chains. We focus on two special critical points
of the spin-12 XY chain, i.e. the critical Ising chain and the XX chain with zero field. In a 2D CFT,
the state with both a finite size and a finite temperature is described by the theory on a torus. To
calculate the Re´nyi entropy on a torus in the 2D free massless boson and fermion theories, one needs
to take into account properly the various boundary conditions and spin structures on the replicated
multi-genus Riemann surface. The final complete results were given in [34, 35], and previous results
could be found in [36–48].
The motivation of the paper is twofold. The first is to check the CFT Re´nyi entropy on a torus,
which is difficult to calculate and it took several years from people first considered the problem [36] to
finally found the complete solution [34, 35]. The CFT von Neumann entropy on a torus has not been
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worked out, and we will calculate the leading order von Neumann entropy in short interval expansion.
On the other hand, the construction of the RDMs in spin chain finite size and thermal states has not
been considered, and we will elaborate on how to do it and calculate the von Neumann and Re´nyi
entropies based on the numerical construction. We will compare the analytical CFT results of the von
Neumann and Re´nyi entropies and the numerical spin chain results and find perfect matches in the
continuum limit.
Often knowing the entanglement is not enough to characterise the system, and it is also interesting
to know quantitatively the difference between two density matrices [49–51]. In the framework of
quantum information theory there are many quantities that do this job like for example the relative
entropy, fidelity, Bures distance, trace distance, Schatten distance, and the quantum relative Re´nyi
entropies. Each of them has different quantum properties and because of this, the choice of which
one of them is more useful depends on the problem at hand and the difficulty to compute it. For
example, studying the relative entropy of a pair of density matrices (on top of the information about
the distinguishability of the states) one can also obtain information about the modular Hamiltonian
(also called entanglement Hamiltonian) of the theory (see [52, 53]); studying the fidelity one can also
detect the location (in the parameter space of the theory) of phase transitions [54]. As a last relevant
example in high energy physics it is was shown in [55, 56] that measuring the Bures distance one can
construct the entanglement wedge defined in the holographic dual of the CFT.
As we mentioned above, there are many objects typically studied in quantum information theory
that measures the distinguishability between different states that can be useful in CFTs. In the present
work we will just analyse some of them, i.e. the trace distance, the Schatten n-distance and the relative
entropy. For two density matrices ρ, σ, the trace distance is defined as [49–51]
D(ρ, σ) =
tr|ρ− σ|
2
. (1.4)
Subsystem trace distances in low-lying energy eigenstates and states after local operator quench in 2D
CFTs and one-dimensional quantum spin chains have been investigated [57–59]. In these works the
replica trick was used
tr|ρ− σ| = lim
ne→1
tr(ρ− σ)ne , (1.5)
and one firstly evaluates the right hand side for a general even integer ne and then makes the analytic
continuation to one ne → 1.1 For n ≥ 1, one could also define the Schatten n-distance
Dn(ρ, σ) =
(tr|ρ− σ|n)1/n
21/n
. (1.6)
In 2D CFT, the Schatten n-distance defined above for two RDMs ρA, σA depends on the UV cutoff,
and we will add a normalization to cancel this divergence. So, as in [58] we are going to work with the
following quantity
Dn(ρA, σA) =
(trA|ρA − σA|n
2trA(ρA(∅)n)
)1/n
. (1.7)
1The trick is similar to the calculation of the entanglement negativity in [60,61].
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Remember that ρA(∅) is the RDM of the subsystem A on an infinite system in the ground state.
Another quantity that characterizes the difference between two states ρ, σ is the relative entropy
S(ρ‖σ) = tr(ρ log ρ)− tr(ρ log σ). (1.8)
We will calculate the subsystem trace distance, the Schatten two-distance and the relative entropy
among these RDMs ρA(L, β), ρA(L), ρA(β), ρA(∅) in both CFTs and spin chains and compare the
results.
The remaining part of the paper is arranged as follows. In section 2, we consider the critical Ising
chain and the 2D free massless Majorana fermion theory. In section 3, we consider the XX chain with
zero field and the 2D free massless Dirac fermion theory. In these two sections, we compare the CFT
and spin chain results of von Neumann entropy, Re´nyi entropy, subsystem trace distance, Schatten
two-distance, and relative entropy, and find perfect matches in the continuum limit. We conclude with
discussions in section 4. In appendix A, we show that the method of twist operators cannot give the
correct short interval Re´nyi entropy on a torus at the order `4 in some specific 2D CFTs, including
the 2D free massless Majorana and Dirac fermion theories. In appendix B, we elaborate on how to
construct the numerical RDMs in the finite size and thermal states in the XY chains, especially in the
critical Ising chain and the XX chain with zero field. In appendix C we compare the CFT and spin
chain results of subsystem relative entropy among low-lying energy eigenstates.
2 Critical Ising chain
We consider the critical Ising chain, whose continuum limit gives a 2D free massless Majorana fermion
theory, which is a 2D CFT with central charge c = 12 .
2.1 von Neumann and Re´nyi entropies
We will first review the result for the Re´nyi entropy of one interval A = [0, `] on a torus in the 2D free
massless Majorana fermion theory [35], and then we will recompute it using twist operators [14,62,63]
and their operator product expansion (OPE) [26, 28, 64–69]. We get the same Re´nyi entropy to order
`2 from OPE of twist operators as from the expansion of the exact result in [35]. The short interval
expansion of the Re´nyi entropy allows us to do the analytic continuation n → 1 and obtain the von
Neumann entropy to order `2.
In the critical Ising chain, we construct numerically the RDMs in the finite size and thermal states
and compute the von Neumann entropy for a short interval and the Re´nyi entropy for a relatively long
interval. We compare the analytical CFT results with the numerical data for the spin chain and find
perfect matches in the continuum limit.
2.1.1 CFT results
Details of the 2D free massless Majorana fermion theory can be found in the books [70, 71]. Apart
from the identity operator 1 in the Neveu-Schwarz (NS) sector, there is a primary operator σ with
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conformal weights ( 116 ,
1
16) in the Ramond (R) sector and a primary operator ε with conformal weights
(12 ,
1
2) in the NS sector.
The state with both a finite size and a finite temperature in 2D CFT corresponds to a torus which
in our case has spatial period L and temporal period β, the interval A has length `. The Re´nyi entropy
of one interval on a torus was computed in [35] from higher genus partition function, and it was argued
in [35,72] that the method of twist operators cannot give the correct answer for a fermion theory. The
result can be written in terms of the ratio x = `/L and the torus modulus τ = iβ/L. The Re´nyi
entropy of the interval A on the torus is [35]
S
(n)
A =
n+ 1
12n
log
∣∣∣L

θ1(x|τ)
θ′1(0|τ)
∣∣∣− 1
n− 1 log
[ ∑
~α,~β
∣∣∣Θ[~α~β](0|Ω)∣∣∣(∏n−1
k=1 |Ak|
)1/2(∑4
ν=2 |θν(0|τ)|
)n], (2.1)
with the period matrix of the higher genus Riemann surface
Ωab(x, τ) =
1
n
n−1∑
k=0
cos
[2pi(a− b)k
n
]
Ck(x, τ), Ck(x, τ) =
Bk(x, τ)
Ak(x, τ)
, (2.2)
and
Ak(x, τ) =
∫ 1+ τ
2
τ
2
ω(z, x, τ)dz, Bk(x, τ) =
∫ 1
2
+τ
1
2
ω(z, x, τ)dz,
ω(z, x, τ) =
θ1(z|τ)
θ1
(
z + knx|τ
)1− k
n θ1
(
z − (1− kn)x|τ
) k
n
. (2.3)
In Ak, Bk, we have shifted the integral ranges to make them convenient for numerical evaluation.
The genus-n Siegel theta function is defined as
Θ
[
~α
~β
]
(~z|Ω) =
∑
~m∈Zn
exp
[
pii(~m+ ~α) · Ω · (~m+ ~α) + 2pii(~m+ ~α) · (~z + ~β)], (2.4)
with · being multiplications between vectors and matrices. The entries of the n-component vectors
~α, ~β are chosen independently from 0 and 12 and the sum of ~α,
~β in (2.1) is over all the possible spin
structures. The Jacobi theta function is
θ
[
α
β
]
(z|τ) =
∑
m∈Z
exp
[
piiτ(m+ α)2 + 2pii(m+ α)(z + β)
]
, (2.5)
and, as usual, we have the relations
θ1(z|τ) = −θ
[1/2
1/2
]
(z|τ), θ2(z|τ) = θ
[1/2
0
]
(z|τ), θ3(z|τ) = θ
[
0
0
]
(z|τ), θ4(z|τ) = θ
[
0
1/2
]
(z|τ). (2.6)
Following [67], we can use the OPE of twist operators to obtain the short interval expansion of the
Re´nyi entropy
S
(n)
A =
n+ 1
12n
log
`

− (n+ 1)`
2
6n
(
〈T 〉+ 1
4
〈ε〉2
)
+O(`4), (2.7)
where the expectation values on the torus read [70]
〈T 〉 = −2pi
2q
L2
∂qZ(q)
Z(q)
, 〈ε〉 = pi
L
η(τ)2
Z(q)
. (2.8)
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Figure 1: The comparison of the exact Re´nyi entropy with the short interval expansion one in the free
massless Majorana fermion theory. We use ∆S
(n)
A = S
(n)
A − n+112n log ` to make it independent of the UV
cutoff.
Here we set q = e2piiτ and the partition function can be written as2
Z(q) =
1
2η(τ)
[
θ2(0|τ) + θ3(0|τ) + θ4(0|τ)
]
. (2.9)
The short interval expansion of Re´nyi entropy (2.7) is consistent with the small ` expansion of the
exact result (2.1), which is
S
(n)
A =
n+ 1
12n
log
`

+
(n+ 1)`2
24nL2
[1
3
θ′′′1 (0|τ)
θ′1(0|τ)
−
∑4
ν=2 θ
′′
ν(0|τ)∑4
ν=2 θν(0|τ)
−
( θ′1(0|τ)∑4
ν=2 θν(0|τ)
)2]
+O(`4). (2.10)
Note that θ1(0|τ) = θ′ν(0|τ) = θ′′1(0|τ) = θ′′′ν (0|τ) = 0 with ν = 2, 3, 4 and using the identities
θ′1(0|τ) = 2piη(τ)3, q∂qθν(z|τ) = −
1
8pi2
θ′′ν(z|τ), ν = 1, 2, 3, 4, (2.11)
we can show that the expressions (2.7) and (2.10) are in fact the same. This means that the method
of short interval expansion from OPE of twist operators is valid at order `2. However, it breaks down
at order `4, as we show in appendix A. For a short interval, we compare the exact Re´nyi entropy and
the short interval expansion in Fig. 1. We have subtracted the Re´nyi entropy of the same interval A
on an infinite straight line in the ground state to make it independent of the UV cutoff, i.e. we use
∆S
(n)
A = S
(n)
A −
n+ 1
12n
log
`

. (2.12)
We see good matches for the exact and leading order short interval results. This is an indication that
the small ` expansion for the Re´nyi entropy is a good approximation in the regime of parameters we
consider.
The short interval result (2.7) remarks the validity of the method of twist operators at the order
`2 in the small ` expansion. Furthermore, it is convenient to do the analytic continuation n → 1 and
get the short interval expansion of the von Neumann entropy
SA =
1
6
log
`

− `
2
3
(
〈T 〉+ 1
4
〈ε〉2
)
+O(`4). (2.13)
2In this paper we only consider the case without the chemical potential, i.e. that τ is purely imaginary, and so q¯ = q.
We have the partition function Z(q) = Z(q, q¯ = q), and 〈T 〉 = 〈T¯ 〉.
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2.1.2 Spin chain results
We will compare the Re´nyi entropy on a torus in the free massless Majorana fermion theory with the
Re´nyi entropy for a thermal state in a periodic critical Ising chain. In order to do that the numerical
RDM of one interval in the finite size and thermal states in critical Ising chain is going to be computed
following [12, 13, 25, 73, 74], as detailed in appendix B. To handle the zero modes in the R sector in
critical XY chains, we will need a special trick as was first studied in [25]. To compute the von Neumann
entropy, we will need the explicit numerical RDMs and, unfortunately, we can only compute it for a
short interval. For the Re´nyi entropy, the correlation matrices are enough, and then we can calculate
it for a relatively long interval.
On the CFT side, we use the short interval expansion of the von Neumann entropy (2.13) and the
exact Re´nyi entropy (2.1). Let us start setting the nomenclature for the objects we will compute. We
call the CFT von Neumann and Re´nyi entropies as SCFT(L, β) and S
(n)
CFT(L, β) and the spin chain
von Neumann and Re´nyi entropies as SSC(L, β) and S
(n)
SC (L, β). The CFT and spin chain results are
compared in Fig. 2. Note that in the CFT we have the subtracted CFT results of the von Neumann
and Re´nyi entropies on an infinite line in the ground state to obtain ∆SCFT(L, β) and ∆S
(n)
CFT(L, β),
and in the spin chain the subtracted results of the von Neumann and Re´nyi entropies on an infinite
chain in the ground state are called ∆SSC(L, β) and ∆S
(n)
SC (L, β). In other words, ∆SCFT(L, β) and
∆S
(n)
CFT(L, β) are pure CFT results, ∆SSC(L, β) and ∆S
(n)
SC (L, β) are pure spin chain results, and we
have compared results independently obtained in CFT and spin chain. Unfortunately, in Fig. 2 there
are generally no good matches between the analytical CFT and numerical spin chain data. As L β
and L  β, the matches are good, but for general L, β, especially for L/β ∼ 1, there are large
deviations. We believe the derivations are due to finite values of L, β, `.

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Figure 2: We compare the von Neumann and Re´nyi entropies in the free massless Majorana fermion
theory with the numerical results in the critical Ising chain. We see deviations of the results that we
attribute to finite values of L, β, `.
To better see the continuum limit of the critical Ising chain, we fix the ratios L : β : `, which
make the scale invariant CFT result ∆S
(n)
CFT a constant, and look into the difference between the von
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Neumann and Re´nyi entropies in spin chain and tne ones in CFT with the increase of interval length
`. We plot the results in Fig. 3. We see that the differences of spin chain and CFT results decrease
monotonically. Furthermore, by numerical fit, we get approximately
|∆S(n)SC −∆S(n)CFT| ∝ `−1/n. (2.14)
Thus we obtain perfect matches between the CFT and spin chain results of the von Neumann and
Re´nyi entropies in the continuum limit of the spin chain.
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Figure 3: The difference of the von Neumann and Re´nyi entropy in the critical Ising chain and the free
massless Majorana fermion theory with increase of `. We see perfect matches in the continuum limit
of the spin chain. The thin solid red lines are proportional to `−2/n.
2.2 Trace distance
We consider the short interval expansion of the subsystem trace distance. The leading order trace
distance of two RDMs ρA, σA depends on the quasiprimary operators with the lowest scaling dimension
that have different expectation value in the two states ρ, σ. Among the states on the plane and cylinders
ρ(∅), ρ(L), and ρ(β), the quasiprimary operators that satisfy these properties are the stress tensor T ,
T¯ . Furthermore, they always have the same expectation values 〈T 〉ρ = 〈T¯ 〉ρ in one of such states ρ(∅),
ρ(L), and ρ(β) (that we denote here by ρ) and
〈T 〉ρ − 〈T 〉σ = 〈T¯ 〉ρ − 〈T¯ 〉σ. (2.15)
Following [57, 58], we can use OPE of twist operators to get the leading order of the short interval
expansion for the trace distance
D(ρA, σA) =
yT `
2
√
2c
|〈T 〉ρ − 〈T 〉σ|+ o(`2). (2.16)
We have the coefficient
yT = lim
p→ 1
2
(2
c
)p ∑
S⊆S0
[〈∏
j∈S
[f2j T (fj)]
〉
C
〈∏
j∈S¯
[f¯2j T¯ (f¯j)]
〉
C
]
, fj = e
piij
p , f¯j = e
−piij
p , (2.17)
where the sum S is over all the subsets of S0 = {0, 1, · · · , 2p − 1}, including the empty set ∅ and
S0 itself, and S¯ is the complement set S¯ = S0/S. First one needs to evaluate the right hand side of
(2.17) for a general positive integer p and then take the analytic continuation p → 12 . Unfortunately,
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we do not know how to evaluate yT . In the following we will fit it numerically from the special case
D(ρA(∅), ρA(L)) in the spin chain results and check the coefficient in the other cases. Since the OPE
of twist operators has been used, in order the equation (2.16) being valid we need that the interval
length ` be much smaller than any characteristic length of the two states L, i.e. ` L, which includes
both the size of the total system L and the inverse temperature β.
In the ground state on a circle ρ(L) we have that the expectation value of the stress tensor reads
〈T 〉ρ(L) =
pi2c
6L2
. (2.18)
Combining both the CFT and spin chain results, we get
D(ρA(∅), ρA(L)) ≈ 0.126 `
2
L2
+ o
( `2
L2
)
. (2.19)
In CFT we know that the leading order trace distance is proportional to `
2
L2
, and we obtain the
approximate overall coefficient 0.126 from numerical fit of the spin chain results. This gives the
approximate value of (2.17) yT ≈ 0.154.3 In the thermal state on an infinite line ρ(β), we have the
expectation values of the stress tensor
〈T 〉ρ(β) = −
pi2c
6β2
. (2.20)
Based on (2.16) and (2.19), we further get
D(ρA(L1), ρA(L2)) ≈ 0.126`2
∣∣∣ 1
L21
− 1
L22
∣∣∣+ o(`2). (2.21)
D(ρA(β1), ρA(β2)) ≈ 0.126`2
∣∣∣ 1
β21
− 1
β22
∣∣∣+ o(`2). (2.22)
D(ρA(L), ρA(β)) ≈ 0.126`2
( 1
L2
+
1
β2
)
+ o(`2). (2.23)
Some of the results are plotted in Fig. 4. We see perfect matches of the CFT and spin chain results
for `/L  1 with L being all values of L and β.
When at least one of the two states ρ, σ are on a torus with 〈ε〉ρ 6= 〈ε〉σ, the leading order short
interval expansion of the trace distance is [57,58]
D(ρA, σA) =
`
2pi
|〈ε〉ρ − 〈ε〉σ|+ o(`). (2.24)
However, when |〈ε〉ρ−〈ε〉σ| is exponentially small while |〈T 〉ρ−〈T 〉σ| is not, the dominate contribution
to the trace distance would be (2.16). When the terms (2.24) and (2.16) are at the same order, we
do not have a reliable CFT result. In the critical Ising chain, we could calculate numerically the trace
distance for such states. As we do no have reliable CFT results to be compared with, we will not show
these spin chain results here.
3The formula (2.16) also applies to the trace distance D(ρA(L), ρA,ε(L)), with ρA,ε(L) being the RDM of the energy
eigenstate ρε(L). The state ρε(L) represents a vertical cylinder with spatial circumference L and the operator ε being
inserted at its two ends in the infinity. In [58] it was obtained numerically
D(ρA(L), ρA,ε(L)) ≈ 0.1532pi
2`2
L2
+ o
( `2
L2
)
,
which gives yT ≈ 0.153. Neither the value yT ≈ 0.153 in [58] nor the value yT ≈ 0.154 is this paper is of high precision,
mainly due to the small value of L, `. In the following we will use yT ≈ 0.154 in the free massless Majorana fermion
theory, which is precise enough for us in the paper.
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Figure 4: Trace distance of the RDMs in states on the cylinders in the free massless Majorana fermion
theory (solid lines) and the critical Ising chain (empty circles).
2.3 Schatten two-distance
We define the subsystem Schatten two-distance of two RDMs ρA, σA as
D2(ρA, σA) =
√
trA(ρA − σA)2
2trA(ρA(∅)2)
. (2.25)
Note that in the ground state of the 2D CFT on the plane [11,14]
trA(ρA(∅)2) = c2
(`

)−2∆2
, (2.26)
with scaling dimension for the twist operators [14]
∆n =
c(n2 − 1)
12n
. (2.27)
We have normalized the Schatten two-distance so that it is scale invariant and does not depend on
the UV cutoff. Short interval expansion of Schatten two-distance could be calculated from the OPE of
twist operators [69,75]. For the finite size and thermal states, including states on the plane, cylinders
and toruses, we get
D2(ρA, σA) =
1
16
√
8`2(〈ε〉ρ − 〈ε〉σ)2 + 7`4(〈T 〉ρ − 〈T 〉σ)2 +O(`6). (2.28)
Note that 〈T 〉ρ = 〈T¯ 〉σ and the contributions from both the homomorphic and the anti-holomorphic
sectors have been included. As in the case of the Re´nyi entropy, we do not need the explicit RDMs
to calculate the Schatten distance in spin chains, and correlation matrices are enough. This allows us
to compute the Schatten two-distance for a relatively large ` and compare it with the CFT results in
Fig. 5.
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Figure 5: Schatten two-distance of the RDMs in states on the cylinders and toruses in the free massless
Majorana fermion theory (solid lines) and the critical Ising chain (empty circles).
2.4 Relative entropy
For two density matrices ρ, σ the relative entropy is defined as
S(ρ‖σ) = tr(ρ log ρ)− tr(ρ log σ). (2.29)
The replica trick to calculate the subsystem relative entropy in a 2D CFT was developed in [76,77]. For
RDMs on the cylinders, there are analytical CFT results [78] which are valid for an interval A = [0, `]
with an arbitrary length
S(ρA(L1)‖ρA(L2)) = c
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. (2.30)
For two Gaussian sates in the spin chain, the subsystem relative entropy [79] can be written in
terms of the correlation matrix Γ defined in (B.13)
S(ρΓ1‖ρΓ2) = tr
(1 + Γ1
2
log
1 + Γ1
2
)
− tr
(1 + Γ1
2
log
1 + Γ2
2
)
, (2.31)
This means that we just need to compute the 2` × 2` correlation matrix Γ, rather than the explicit
2` × 2` RDM ρΓ, to obtain the relative entropy which allows us to check the CFT analytical results
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(2.30) for a long interval. We show some of them in the top panels of Fig. 6. As the CFT results are
exact, there are matches of the CFT and spin chain results not only for short intervals with `  L,
` β but also for long intervals with ` ∼ L, ` ∼ β.
For the RDMs on the toruses we have to take the short interval expansion of the relative entropy
from the OPE of twist operators.4 The method of was developed in [69] following the replica trick
in [76,77], and we get the following result for the RDMs on the toruses
S(ρA‖σA) = `
2
12
(〈ε〉ρ − 〈ε〉σ)2 + 2`
4
15
(〈T 〉ρ − 〈T 〉σ)2
+
`4
15
(〈ε〉ρ − 〈ε〉σ)
[〈T 〉ρ(〈ε〉ρ + 〈ε〉σ)− 2〈T 〉σ〈ε〉σ]
+
`4
120
(〈ε〉ρ − 〈ε〉σ)2
(〈ε〉2ρ + 2〈ε〉ρ〈ε〉σ + 3〈ε〉2σ)+O(`6). (2.32)
In the critical Ising chain the state with both a finite size and a finite temperature is not Gaussian, and
we cannot use the formula (2.31) to calculate the relative entropy in the spin chain. In that case we
need to construct explicitly the numerical RDMs and calculate the relative entropy from the definition
(2.29). We compare the CFT and spin chain results in bottom panels of Fig. 6.
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Figure 6: Relative entropy of the RDMs in states on the cylinders and toruses in the free massless
fermion theory (solid lines) and the critical Ising chain (empty circles).
3 XX chain with zero transverse field
In this section we consider the XX chain with zero transverse field, and as was mentioned before its
continuum limit gives the 2D free massless Dirac fermion theory, or equivalently the 2D free massless
4Subsystem relative entropy on a torus could also be calculated from modular Hamiltonian [48], which we will consider
in this paper.
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compact boson theory with unit target space radius, which is a 2D CFT with central charge c = 1.
The calculations and results are parallel to those in the critical Ising chain and the 2D free massless
Majorana fermion theory, and we will keep it brief in this section.
3.1 von Neumann and Re´nyi entropies
Details of the 2D free massless Dirac fermion theory and the 2D free massless compact boson theory
could be found in [70, 71]. In the NS sector of the 2D free massless Dirac fermion theory there are
nonidentity primary operators
J = iψ1ψ2, J¯ = iψ¯1ψ¯2, K = JJ¯, (3.1)
with conformal weights (1, 0), (0, 1) and (1, 1) respectively. In the R sector there are primary operators
σ1, σ2 with the same conformal weights (
1
8 ,
1
8). In the NS and R sectors, there are also other primary
operators with larger conformal weights, which are irrelevant to our low order computations in this
paper.
The exact Re´nyi entropy for the interval A = [0, `] on a torus with spatial circumference L and
temporal period β is [35]
S
(n)
A =
n+ 1
6n
log
∣∣∣L

θ1(x|τ)
θ′1(0|τ)
∣∣∣− 1
n− 1 log
[ ∑
~α,~β
∣∣∣Θ[~α~β](0|Ω)∣∣∣2(∏n−1
k=1 |Ak|
)(∑4
ν=2 |θν(0|τ)|2
)n]. (3.2)
Again we have defined x = `L , τ = i
β
L and the rest of the functions involved are in (2.2), (2.3). One
could also see the Re´nyi entropy of one interval on a torus in the 2D free massless compact boson
theory in [34].
From OPE of twist operators we get the short interval expansion of the Re´nyi entropy on a torus
S
(n)
A =
n+ 1
6n
log
`

− (n+ 1)`
2
6n
〈T 〉+O(`4), (3.3)
with the expectation value
〈T 〉 = −2pi
2q
L2
∂q logZ(q), Z(q) =
1
2η(τ)2
[
θ2(0|τ)2 + θ3(0|τ)2 + θ4(0|τ)2
]
. (3.4)
Note q = q¯ = e−2piβ/L. The contributions from T¯ have also been included. Short interval expansion of
the exact result (3.2) gives
S
(n)
A =
n+ 1
6n
log
`

+
(n+ 1)`2
12nL2
(1
3
θ′′′1 (0|τ)
θ′1(0|τ)
−
∑4
ν=2 θν(0|τ)θ′′ν(0|τ)∑4
ν=2 θν(0|τ)2
)
+O(`4), (3.5)
which is the same as the short interval expansion result from twist operators (3.3). This is an indication
that the method of short interval expansion from the OPE of twist operators is valid to order `2, but
as we show in appendix A the method fails to give the correct Re´nyi entropy at order `4. We compare
the exact Re´nyi entropy and short interval result in Fig. 7. We see that the short interval expansion
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Figure 7: The comparison of the exact Re´nyi entropy with the short interval expansion one in the free
massless Dirac fermion theory. We use ∆S
(n)
A = S
(n)
A − n+16n log ` to eliminate the dependence on the
UV cutoff.
for the Re´nyi entropy is a good approximation in the parameter regimes we consider. Taking n → 1
limit for the Re´nyi entropy (3.3), we get the short interval expansion of the von Neumann entropy
SA =
1
3
log
`

− `
2
3
〈T 〉+O(`6). (3.6)
In the XX chain with zero field, we construct numerically the RDMs of one interval in the finite
size and thermal states as detailed in appendix B. We study the XX chain with a total number of
sites L, that is four times of an integer. As there are two zero modes in the R sectors we will need
to use again the trick developed in [25]. We compute the von Neumann entropy for a short interval
from the explicit numerical RDM, and calculate the Re´nyi entropy for a relatively long interval from
the correlation matrices. We compare the CFT and spin chain results in Fig. 8. On the CFT side, we
use the short interval expansion of the von Neumann entropy (3.6) and the exact Re´nyi entropy (3.2).
We see perfect matching between the CFT and spin chain results.
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Figure 8: We compare the von Neumann and Re´nyi entropies in the free massless Dirac fermion theory
and those in the XX chain with zero field.
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3.2 Trace distance
We compute the trace distance among the RDMs in states on the plane and cylinders in the 2D free
massless Dirac fermion theory. The trace distance D(ρA(∅), ρA(L)) can be written as (2.16) with the
coefficient (2.17) that we cannot evaluate in the CFT. By fitting of the numerical results in the XX
chain with ` = 4, we obtain the trace distance
D(ρA(∅), ρA(L)) ≈ 0.191 `
2
L2
+ o
( `2
L2
)
, (3.7)
which gives the approximate coefficient yT ≈ 0.164.5 We will use this approximate value in the free
massless Dirac fermion theory. For the RDMs of one interval in states on the cylinders we get
D(ρA(L1), ρA(L2)) ≈ 0.191`2
∣∣∣ 1
L21
− 1
L22
∣∣∣+ o(`2),
D(ρA(β1), ρA(β2)) ≈ 0.191`2
∣∣∣ 1
β21
− 1
β22
∣∣∣+ o(`2),
D(ρA(L), ρA(β)) ≈ 0.191`2
( 1
L2
+
1
β2
)
+ o(`2). (3.8)
These analytical CFT results and numerical spin chain results are compared in Fig. 9.
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Figure 9: Trace distance of the RDMs on the cylinders in the free massless Dirac fermion theory (solid
lines) and the XX chain with zero field (empty circles).
For two states ρ, σ on the torus, there are generally three quasiprimary operators at level two K,
T , T¯ that have different expectation values. Using the method in [57,58], we cannot calculate the trace
5In the 2D free massless Dirac fermion theory, the formula (2.16) also applies to the trace distance D(ρA(L), ρA,K(L)),
with ρA,K(L) being the RDM of the energy eigenstate ρK(L). In [58] it was obtained numerically
D(ρA(L), ρA,K(L)) ≈ 0.1662
√
2pi2`2
L2
+ o
( `2
L2
)
,
which gives yT ≈ 0.166. Neither the value yT ≈ 0.166 in [58] nor the value yT ≈ 0.164 is this paper is of high precision,
due to the small values of L, `.
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distance among the RDMs on the torus in the free massless Dirac fermion theory. As there are no
CFT results to be compared with, we will not show the trace distance involving the RDMs in states
with both finite sizes and finite temperatures in the XX chain in this paper.
3.3 Schatten two-distance
In the free massless Dirac fermion theory we get the short interval expansion of the Schatten two-
distance from the OPE of twist operators
D2(ρA, σA) =
`2
16
√
2
√
(〈K〉ρ − 〈K〉σ)2 + 10(〈T 〉ρ − 〈T 〉σ)2 +O(`2). (3.9)
Note that on a torus with q = q¯ = e2piiτ = e−2piβ/L we have the expectation value of stress tensor (3.4)
and
〈K〉 = 4pi
2
L2
q∂q log
θ3(0|2τ)
θ3(0|τ/2) . (3.10)
The contributions from T¯ have also been included. We compare the analytical results of the Schatten
two-distance in the free massless Dirac fermion theory and the numerical results in the XX chain with
zero field in Fig. 10.
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Figure 10: Schatten two-distance of the RDMs on the cylinders and toruses in the free massless Dirac
fermion theory (solid lines) and the XX chain with zero field (empty circles).
3.4 Relative entropy
The results of relative entropy of RDMs on the cylinders (2.30) are universal and apply to any 2D
CFT. For RDMs on the toruses, we get the short interval expansion of the relative entropy from the
OPE of twist operators
S(ρA‖σA) = `
4
60
(〈K〉ρ − 〈K〉σ)2 + `
4
15
(〈T 〉ρ − 〈T 〉σ)2 +O(`6), (3.11)
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with the expectation values (3.4), (3.10). The contributions from the anti-holomorphic sector have
been included. We compare the CFT and spin chain results in Fig. 11.
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Figure 11: Relative entropy of the RDMs on the cylinders and toruses in the free massless Dirac
fermion theory (solid lines) and XX chain with zero field (empty circles).
4 Conclusion and discussion
In this paper, we have constructed the numerical RDMs of an interval in the finite size and thermal
states in the critical XY chains, specially for the states with both a finite size and a finite temperature,
focusing on the critical Ising chain and the XX chain with zero transverse field. With the numerical
RDMs, we computed the subsystem von Neumann entropy, Re´nyi entropy, trace distance, Schatten two-
distance, and relative entropy, and compared the results with those in the 2D free massless Majorana
and Dirac fermion theories, which are respectively the continuum limits of the critical Ising chain and
the XX chain with zero field. We found perfect matches of the numerical spin chain and analytical
CFT results in the continuum limit.
There are several interesting generalizations of the present results. In CFT, we only got short
interval expansion of von Neumann entropy of a length ` interval to order `2, and it is interesting to
calculate higher order results. We cannot calculate subsystem trace distance for RDMs in states with
both a finite size and a finite temperature in CFT, and other methods to calculate the subsystem trace
distance are needed. The states with both a finite size and a finite temperature in the XY spin chains
are not Gaussian, and we can only calculate the von Neumann entropy, trace distance and relative
entropy for a short interval. It would be interesting to calculate those quantities for a long interval in
spin chains.
We have only calculated the results numerically in the spin chain, and it is interesting to calculate
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the spin chain results analytically, like for example the ground state entanglement entropy and Re´nyi
entropy in [80]. The analytical calculations would be difficult if possible. For some quantities, like the
Re´nyi entropy and the Schatten distance, we need to manipulate the 2`×2` correlation matrices, some
of which are not of the Toeplitz type, and this makes the analytical calculations difficult. For other
quantities, like the von Neumann entropy and the trace distance, we need to manipulate the 2` × 2`
RDMs, and they are more difficult to calculate analytically than the Re´nyi entropy and Schatten
distance.
We have elaborated on how to calculate the subsystem distances among the finite size and thermal
states in CFTs and spin chains. As we stated above, some of the results are very limited. It would
be interesting to develop new techniques and obtain more general results, for which there are many
potential applications. One potential application of these results is to investigate the thermalization of
subsystems in a finite total system, like that in [81] for thermalization of subsystems in an infinite total
system after a global quantum quench [82–84]. Another possible application is the distinguishability
of the black hole microstates and other states in gravity and holographic CFTs [85–89].
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A Break down of the method of twist operators at order `4
In this appendix, we show that the method of OPE of twist operators cannot give the correct short
interval Re´nyi entropy on a torus at order `4 in some specific 2D CFTs, including the 2D free massless
Majorana and Dirac fermion theories.
In a general 2D unitary CFT, we consider the nonidentity primary operators φi, i = 1, 2, · · · , g
with the smallest scaling dimension ∆. There is a degeneracy g at scaling dimension ∆ and each
primary operator φi has the conformal weights (hi, h¯i). Note that ∆ = hi + h¯i for all i. We require
that 0 < ∆ < 2 and at least one of these primary operator φi is non-chiral, i.e. both hi > 0 and h¯i > 0.
Apparently, the 2D free massless Majorana and Dirac fermion theories belong to such theories. For
the 2D free massless Majorana fermion theory, the operator is σ with conformal weights ( 116 ,
1
16), and
there is no degeneracy ∆ = 18 , g = 1. For the 2D free massless Dirac fermion theory, the operators are
σ1, σ2 with the same conformal weights (
1
8 ,
1
8), and there is double degeneracy ∆ =
1
4 , g = 2.
We consider the Re´nyi entropy of one interval A = [0, `] in the 2D CFT on a torus with spatial
circumference L and temporal period β. In the low temperature limit L  β, the density matrix of
the whole system could be written as an expansion in the variable q = e−2piβ/L
ρ =
|0〉〈0|+ q∆∑gi=1 |φi〉〈φi|+ o(q∆)
1 + gq∆ + o(q∆)
. (A.1)
We have the ground state |0〉 and the orthonormal primary excited states |φi〉 that satisfy 〈φi|φj〉 = δij .
19
There is a universal single interval Re´nyi entropy [42] in this case that reads
S
(n)
A =
c(n+ 1)
6n
log
( L
pi
sin
pi`
L
)
− ngq
∆
n− 1
[ 1
n2∆
( sin pi`L
sin pi`nL
)2∆ − 1]+ o(q∆). (A.2)
To compare, we can compute the same Re´nyi entropy using OPE of twist operators. In general one
has [67]
S
(n)
A =
c(n+ 1)
6n
log
`

− 1
n− 1 log
{
1 + `2bT (〈T 〉+ 〈T¯ 〉)
+ `4[bA(〈A〉+ 〈A¯〉) + bTT (〈T 〉2 + 〈T¯ 〉2) + b2T 〈T 〉〈T¯ 〉] +O(`6)
+
∑
ψ
[`2∆ψbψψ〈ψ〉2 +O(`2∆ψ)]
}
, (A.3)
with the coefficients
bT =
n2 − 1
12n
, bA =
(n2 − 1)2
288n3
, bTT =
(n2 − 1)[5c(n+ 1)(n− 1)2 + 2(n2 + 11)]
1440cn3
, (A.4)
and the level four quasiprimary operator
A = (TT )− 3
10
∂2T. (A.5)
It is similar for the anti-holomorphic quasiprimary operators T¯ , A¯. The sum ψ is over all the nonidentity
primary operators in the theory. The following argument show the coefficient bψψ will be irrelevant at
the order of the expansion we are interested in. In state (A.1), we have that the expectation value for
an arbitrary operator O
〈O〉 = 〈O〉0 + q∆
g∑
i=1
(〈O〉φi − 〈O〉0) + o(q∆). (A.6)
with 〈O〉0 being the expectation value in the ground state |0〉 and 〈O〉φi being the one in the primary
excited state |φi〉. On the torus in the low temperature limit, for a primary operator ψ there is a
leading order expectation value 〈ψ〉 ∼ q∆. As we will focus on the order q∆ part of the Re´nyi entropy,
we do not need to consider the contributions from the nonidentity primary operators, i.e. the terms
with ψ in (A.3).
On a torus in the low temperature limit q  1, using (A.6) and 〈T 〉φi , 〈A〉φi in [66] we get the
expectation values
〈T 〉 = pi
2[c− 24Hq∆ + o(q∆)]
6L2
, 〈A〉 = pi
4[c(5c+ 22)− 240q∆((c+ 2)H − 12H2) + o(q∆)]
180L4
,
〈T¯ 〉 = pi
2[c− 24H¯q∆ + o(q∆)]
6L2
, 〈A¯〉 = pi
4[c(5c+ 22)− 240q∆((c+ 2)H¯ − 12H¯2) + o(q∆)]
180L4
, (A.7)
with the following definitions
H =
g∑
i=1
hi, H2 =
g∑
i=1
h2i , H¯ =
g∑
i=1
h¯i, H¯2 =
g∑
i=1
h¯2i . (A.8)
We compare the low temperature expansion of the Re´nyi entropy (A.2) with the short interval
expansion result (A.3) and focus on the order q∆ part of the Re´nyi entropy. At order `2, they are the
same but at order `4, there is the non-vanishing difference
pi4(n− 1)(n+ 1)2(H2 + H¯2 − g∆2)`4q∆
18n3L4
. (A.9)
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It is essential that the lightest nonidentity primary operators have a scaling dimension 0 < ∆ < 2 and
at least one of lightest nonidentity primary operator is non-chiral. This is consistent with the result
in [35,72] where the authors argued that the twist operators cannot give the correct Re´nyi entropy in
the 2D free massless fermion theories on a torus. We have shown that the method of OPE of twist
operators breaks down in more general 2D CFTs on a torus. In these 2D CFTs, the method of OPE
of twist operators cannot give the correct Re´nyi entropy on a torus, but it is still possible that it could
give the correct von Neumann entropy. It is interesting to study whether it is the case or not.
We have only shown in what kind of 2D CFTs the method of short interval expansion from the
OPE of twist operators for the torus Re´nyi entropy is not valid, but we do not have a criterion in
what kind of theories the method is valid. We have a sufficient but not necessary condition for the
method being invalid. For the theories that the condition is not satisfied, there may be conditions at
higher orders that make the method invalid. We only have constraints for the spectrum, but we have
no constraint for the central charge. This is an interesting direction to be explored in the future.
Another related question is whether the method is valid in the holographic 2D CFT with a large
central charge and a sparse spectrum [90–92]. In fact the method of twist operators has been used
in [67, 69, 93] to calculate the torus Re´nyi entropy in the 2D large central charge CFT, using the
spectrum of only the vacuum conformal family operators and other chiral operators. The results are
the same as those computed from other methods in [40,42,43,94]. If light nonchiral primary operators
with scaling dimension 0 < ∆ < 2 are included in the spectrum, one would meet the same problem as
above.
B Thermal RDM in XY chains
The spin-12 XY chain with transverse field has the Hamiltonian
HXY = −
L∑
j=1
(1 + γ
4
σxj σ
x
j+1 +
1− γ
4
σyj σ
y
j+1 +
λ
2
σzj
)
, (B.1)
where L is the total number of sites. In this paper, we only consider the cases on which L is multiple
of four. We consider the periodic boundary conditions σx,y,zL+1 = σ
x,y,z
1 for the Pauli matrices σ
x,y,z
j .
When γ = λ = 1 it defines the critical Ising chain, and its continuum limit gives the 2D free massless
Majorana fermion theory. When γ = λ = 0 it defines the XX chain with zero transverse field, and its
continuum limit gives the 2D free massless Dirac theory, or equivalently the 2D free massless compact
boson theory with the target space being a unit radius circle. The Hamiltonian of the XY chain
can be exactly diagonalized [95–97] and the numerical RDMs in the ground state and excited energy
eigenstates could be constructed following [12, 13, 15, 16, 73, 74, 80, 98]. The construction of the RDM
in a thermal state on an infinite line could be found in [81]. In this appendix, we elaborate on how to
construct the numerical RDM of one interval in a state with both a finite size and a finite temperature.
Along the construction, the trick in [25] will be extremely useful to us.
The XY chain Hamiltonian can be exactly diagonalized by successively applying the Jordan-Wigner
transformation, Fourier transforming, and Bogoliubov transformation. The Jordan-Wigner transfor-
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mation is
aj =
( j−1∏
i=1
σzi
)
σ+j , a
†
j =
( j−1∏
i=1
σzi
)
σ−j , (B.2)
with σ±j =
1
2(σ
x
j ± iσyj ). In the NS sector there are antiperiodic boundary conditions aL+1 = −a1,
a†L+1 = −a†1, and in the R sector there are periodic boundary conditions aL+1 = a1, a†L+1 = a†1. The
Fourier transformation is
bk =
1√
L
L∑
j=1
eijϕkaj , b
†
k =
1√
L
L∑
j=1
e−ijϕka†j , (B.3)
with ϕk =
2pik
L . The momenta k’s are half integers in the NS sector
k =
1− L
2
, · · · ,−1
2
,
1
2
, · · · , L− 1
2
, (B.4)
and integers in the R sector
k = 1− L
2
, · · · ,−1, 0, 1, · · · , L
2
. (B.5)
The Bogoliubov transformation is
ck = bk cos
θk
2
+ ib†−k sin
θk
2
, c†k = b
†
k cos
θk
2
− ib−k sin θk
2
. (B.6)
For the critical Ising chain, we choose the angle
θk =

−pi2 − pikL k < 0
0 k = 0
pi
2 − pikL k > 0
. (B.7)
For the XX chain, the Bogoliubov transformation is not needed, and, in other words, there is always
θk = 0.
Finally, the Hamiltonian becomes
H =
1 + P
2
HNS +
1− P
2
HR, HNS =
∑
k∈NS
εk
(
c†kck −
1
2
)
, HR =
∑
k∈R
εk
(
c†kck −
1
2
)
. (B.8)
In the critical Ising chain we have
εk = 2 sin
pi|k|
L
, (B.9)
and in the XX chain with zero transverse field
εk = − cos 2pik
L
. (B.10)
The projection operator is
P =
L∏
j=1
σzj = e
pii
∑L
j=1 a
†
jaj . (B.11)
One can define the Majorana modes as
d2j−1 = aj + a
†
j , d2j = i(aj − a†j). (B.12)
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For an interval with ` sites on the spin chain in a Gaussian state ρ, one can define the 2`×2` correlation
matrix by
〈dm1dm2〉ρ = δm1m2 + Γm1m2 , m1,m2 = 1, 2, · · · , 2`. (B.13)
The 2` × 2` RDM in the state ρ is [12, 13]
ρA =
1
2`
∑
s1,··· ,s2`∈{0,1}
〈ds2`2` · · · ds11 〉ρds11 · · · ds2`2` , (B.14)
and the multi-point correlation functions 〈ds2`2` · · · ds11 〉ρ are calculated from the correlation matrix (B.13)
by Wick contractions.
For the ground state on an infinite chain ρ(∅), the ground state on a length L circular chain ρ(L),
and a thermal state with inverse temperature β on an infinite chain ρ(β), the nonvanishing components
of the correlation matrix Γ can be written in terms of the function gj that is defined as
Γ2j1−1,2j2 = −Γ2j2,2j1−1 = gj2−j1 . (B.15)
In the critical Ising chain, we have in different states
gj(∅) = − i
pi
1
j + 12
,
gj(L) = − i
L
1
sin
pi(j+ 1
2
)
L
,
gj(β) = − i
pi
1
j + 12
+
2i
pi
∫ pi
0
dϕ
sin[(j + 12)ϕ]
1 + exp(2β sin ϕ2 )
. (B.16)
In the XX chain with zero field we obtain
gj(∅) =
2i
pij
sin
pij
2
, g0(∅) = 0,
gj(L) =
2i
L
sin pij2
sin pijL
, g0(L) = 0,
gj(β) =
2i
pij
sin
pij
2
− 2i[1− (−)
j ]
pi
∫ pi
2
0
dϕ
cos(jϕ)
1 + exp(β cosϕ)
, g0(β) = 0. (B.17)
For a state with both finite size and finite temperature ρ(L, β), it is more complicated to construct
the numerical RDM ρA(L, β). Depending on the number of zero modes, i.e. modes with zero energy,
we consider three different cases in the following subsections. In the gapped XY chain there is no zero
mode. In the critical Ising chain and the XX chain with zero field there are respectively one and two
zero modes.
B.1 Gapped XY chain
There is no zero mode in the gapped XY chain. The normalized density matrix of the whole system
in a thermal state is
ρ =
e−βH
tre−βH
=
e−βHNS + Pe−βHNS + e−βHR − Pe−βHR
Z+NS + Z
−
NS + Z
+
R − Z−R
, (B.18)
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with
Z+NS =
∏
k∈NS
(
2 cosh
βεk
2
)
, Z−NS =
∏
k∈NS
(
2 sinh
βεk
2
)
,
Z+R =
∏
k∈R
(
2 cosh
βεk
2
)
, Z−R =
∏
k∈R
(
2 sinh
βεk
2
)
. (B.19)
We can rewrite the thermal density matrix as
ρ =
1
Z+NS + Z
−
NS + Z
+
R − Z−R
(
Z+NSρ
+
NS + Z
−
NSρ
−
NS + Z
+
Rρ
+
R − Z−Rρ−R
)
,
ρ+NS =
e−βHNS
Z+NS
, ρ−NS =
Pe−βHNS
Z−NS
, ρ+R =
e−βHR
Z+R
, ρ−R =
Pe−βHR
Z−R
. (B.20)
Note that all the four density matrices ρ+NS, ρ
−
NS, ρ
+
R, ρ
−
R are Gaussian and properly normalized, and
so we can construct their RDMs ρ+A,NS, ρ
−
A,NS, ρ
+
A,R, ρ
−
A,R from the corresponding correlation matrices.
Then we get the RDM of the thermal density matrix
ρA =
1
Z+NS + Z
−
NS + Z
+
R − Z−R
(
Z+NSρ
+
A,NS + Z
−
NSρ
−
A,NS + Z
+
Rρ
+
A,R − Z−Rρ−A,R
)
. (B.21)
For ρ+A,NS, ρ
−
A,NS, ρ
+
A,R, ρ
−
A,R, we have the correlation matrix with nonvanishing components (B.15) and
gj = − i
L
∑
k∈NS
ei(jϕk−θk) tanh
βεk
2
,
gj = − i
L
∑
k∈NS
ei(jϕk−θk) coth
βεk
2
,
gj = − i
L
∑
k∈R
ei(jϕk−θk) tanh
βεk
2
,
gj = − i
L
∑
k∈R
ei(jϕk−θk) coth
βεk
2
. (B.22)
B.2 Critical Ising chain
There is one zero mode in the R sector, i.e. ε0 = 0, which needs a careful treatment. We write the
thermal density matrix as
ρ =
1
Z+NS + Z
−
NS + Z
+
R
(
Z+NSρ
+
NS + Z
−
NSρ
−
NS + Z
+
Rρ
+
R −
2Z˜−Rσ
z
1
L
ρ˜−R
)
,
ρ+NS =
e−βHNS
Z+NS
, ρ−NS =
Pe−βHNS
Z−NS
, ρ+R =
e−βHR
Z+R
, ρ˜−R =
σz1Pe−βHR
2Z˜−R/L
. (B.23)
We have defined
Z˜−R =
∏
k∈R,k 6=0
(
2 sinh
βεk
2
)
. (B.24)
Note that the zero mode makes Z−R = 0. We have also defined ρ˜
−
R following the appendix D of [25].
The RDM for the thermal density matrix is
ρA =
1
Z+NS + Z
−
NS + Z
+
R
(
Z+NSρ
+
A,NS + Z
−
NSρ
−
A,NS + Z
+
Rρ
+
A,R −
2Z˜−Rσ
z
1
L
ρ˜−A,R
)
. (B.25)
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All the RDMs ρ+A,NS, ρ
−
A,NS, ρ
+
A,R, ρ˜
−
A,R are Gaussian and the RDMs ρ
+
A,NS, ρ
−
A,NS, ρ
+
A,R can be con-
structed in the same way as that in the previous subsection. For ρ˜−A,R, we have the correlation matrix
with components
Γ2j1−1,2j2−1 = −Γ2j2−1,2j1−1 = Γ2j1,2j2 = −Γ2j2,2j1 = fj1j2 ,
Γ2j1−1,2j2 = −Γ2j2,2j1−1 = gj1j2 , (B.26)
and definitions
fj1j2 = −δj11 + δj21, gj1j2 = g˜j2−j1 + g˜0 − g˜j2−1 − g˜1−j1 ,
g˜j = − i
L
∑
k∈R,k 6=0
ei(jϕk−θk) coth
βεk
2
. (B.27)
To confirm that the above trick works we compare the RDM in the gapped XY chain with γ = 1
and λ→ 1, i.e. gapped Ising chain with λ→ 1, which we denote by ρA(λ), with the RDM in the critical
Ising chain, which we denote by ρA(1). We plot the trace distance of ρA(λ) and ρA(1) in Fig. 12. We
see that as λ→ 1 the thermal RDM in the gapped Ising chain approaches to the RDM in the critical
Ising chain. By numerical fit, we get approximately
D(ρA(λ), ρA(1)) ∝ |λ− 1| (B.28)
This indicates that the thermal RDM in critical Ising chain we have constructed is correct.
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Figure 12: Trace distance of the thermal RDM in the gapped Ising chain ρA(λ) and the thermal RDM
in the critical Ising chain ρA(1).
B.3 XX chain with zero field
There are two zero modes in the R sector, i.e. ε±L/4 = 0. Remember that in this paper we only
consider the cases that L are four times of integers. We write the thermal density matrix as
ρ =
1
Z+NS + Z
−
NS + Z
+
R
(
Z+NSρ
+
NS + Z
−
NSρ
−
NS + Z
+
Rρ
+
R −
16Z˜−Rσ
z
1σ
z
2
L2
ρ˜−R
)
,
ρ+NS =
e−βHNS
Z+NS
, ρ−NS =
Pe−βHNS
Z−NS
, ρ+R =
e−βHR
Z+R
, ρ˜−R =
σz1σ
z
2Pe−βHR
16Z˜−R/L2
, (B.29)
with the new definition
Z˜−R =
∏
k∈R,k 6=±L/4
(
2 sinh
βεk
2
)
. (B.30)
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The RDM of the thermal density matrix is
ρA =
1
Z+NS + Z
−
NS + Z
+
R
(
Z+NSρ
+
A,NS + Z
−
NSρ
−
A,NS + Z
+
Rρ
+
A,R −
16Z˜−Rσ
z
1σ
z
2
L2
ρ˜−A,R
)
. (B.31)
All the RDMs ρ+A,NS, ρ
−
A,NS, ρ
+
A,R, ρ˜
−
A,R are Gaussian. The RDMs ρ
+
A,NS, ρ
−
A,NS, ρ
+
A,R could be con-
structed the same as these in the gapped XY chain. We get ρ˜−A,R from the correlation functions
〈d4l1−3d4l2−3〉 = 〈d4l1−1d4l2−1〉 = 〈d4l1−2d4l2−2〉 = 〈d4l1d4l2〉 = δj1j2 + (−)l2δl11 − (−)l1δl21,
〈d4l1−3d4l2−1〉 = 〈d4l1−2d4l2〉 = 0,
〈d4l1−3d4l2−2〉 = 〈d4l1−1d4l2〉 = g˜2(l2−l1) + (−)l2 g˜2(1−l1) + (−)l1 g˜2(l2−1) + (−)l1+l2 g˜0,
〈d4l1−3d4l2〉 = g˜2(l2−l1)+1 + (−)l2 g˜3−2l1 + (−)l1 g˜2l2−1 + (−)l1+l2 g˜1,
〈d4l1−1d4l2−2〉 = g˜2(l2−l1)−1 + (−)l2 g˜1−2l1 + (−)l1 g˜2l2−3 + (−)l1+l2 g˜−1, (B.32)
with the definition of the function
g˜j = − i
L
∑
k∈R,k 6=±L/4
eijϕk coth
βεk
2
. (B.33)
Note that 〈dm1dm2〉 = 2δm1m2 − 〈dm2dm1〉.
To confirm that the numerical RDM in the XX chain with zero field is correct we compare it with
the RDM in the gapped XY chain with λ = 0 and γ → 0, which we denote by ρA(γ). We denote the
RDM of the XX chain with no field as ρA(0). We plot the trace distance of ρA(γ) and ρA(0) in Fig. 13.
We see that as γ → 0 the thermal RDM in the gapped XY chain approaches to the RDM in the XX
chain. By numerical fit, we get approximately
D(ρA(γ), ρA(0)) ∝ |γ|. (B.34)
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Figure 13: Trace distance of the thermal RDM in the gapped XY chain ρA(γ) and the thermal RDM
in the XX chain with no field ρA(0).
C Relative entropy among RDMs in low-lying energy eigenstates
We revisit the relative entropy among the RDMs of one interval A = [0, `] on a cylinder with circum-
ference L in various low-lying energy eigenstates, generalizing [58, 68, 99]. With the formula (2.31),
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which could be found in [79], we calculate the relative entropy of an interval with a relatively large
length. This checks various results of the exact relative entropy, not only the leading order results in
a short interval expansion but also the results with a long interval.
C.1 Free massless Majorana fermion theory
In a 2D CFT, we denote ρA,O = trA¯|O〉〈O| as the RDM of A in the excited state |O〉 on a cylinder.
In the free massless Majorana fermion theory we consider the primary operators 1, σ, µ, ψ, ψ¯, ε with
conformal weights (0,0), (1/16,1/16), (1/16,1/16), (1/2,0), (0,1/2), (1/2,1/2), respectively. There are
exact results [58,68,99] which reads
S(ρA,1‖ρA,σ) = S(ρA,σ‖ρA,1) = S(ρA,1‖ρA,µ) = S(ρA,µ‖ρA,1) = 1
4
(
1− pi`
L
cot
pi`
L
)
,
S(ρA,σ‖ρA,µ) = S(ρA,µ‖ρA,σ) = 1− pi`
L
cot
pi`
L
,
S(ρA,ψ‖ρA,1) = S(ρA,ψ¯‖ρA,1) = S(ρA,ε‖ρA,ψ) = S(ρA,ε‖ρA,ψ¯) = 1−
pi`
L
cot
pi`
L
+ sin
pi`
L
+ log
(
2 sin
pi`
L
)
+ ψ
(1
2
csc
pi`
L
)
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S(ρA,ψ‖ρA,σ) = S(ρA,ψ‖ρA,µ) = S(ρA,ψ¯‖ρA,σ) = S(ρA,ψ¯‖ρA,µ) =
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L
cot
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)
+ sin
pi`
L
+ log
(
2 sin
pi`
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)
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.
We compare some of the analytical CFT results with the numerical spin chain results in Fig. 14.
Generally, we see good matches not only for a short interval, but also for a long interval. Specially, the
relative entropies S(ρA,ε‖ρA,σ), S(ρA,ψ‖ρA,µ), S(ρA,1‖ρA,σ) have the same leading order short interval
expansion results, but they are different for a long interval, as we can see in both the CFT and the
spin chain results in the figure. In some cases there are mismatches as `/L → 1, and we attribute
them to numerical errors in the spin chain calculations. Actually, in the limit `/L→ 1 all the relative
entropies (C.1) in CFT are divergent, as they approach relative entropies of two pure states.
C.2 Free massless Dirac fermion theory
For the 2D free massless Dirac fermion theory, it is convenient to use the language of the 2D free massless
compact boson theory with the unit target space radius. We consider the RDMs in the excited states
by the primary operators 1, Vα,α¯, J , J¯ , K = JJ¯ with conformal weights (0,0), (α
2/2, α¯2/2), (1,0),
27
◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦
◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦
◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦
◦
◦ ◦
◦ ◦ ◦
◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦
◦◦◦◦◦
◦◦◦◦◦◦◦◦◦ ◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦
◦◦
◦
◦ ◦
◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦◦◦◦
◦◦◦◦◦ ◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦
σ-με-σψ-μ
1-σε-1ψ-1
0.05 0.10 0.50 1
10-5
0.001
0.100
10
ℓ/L
S
(ρ A||σ
A
)
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦
◦◦◦
◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦ ◦
◦◦
◦
◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦
◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦
◦◦◦
◦◦
◦ ◦ ◦
0.70 0.75 0.80 0.85 0.90 0.95 1.00
0
10
20
30
40
50
60
Figure 14: Relative entropy of the RDMs in low-lying energy eigenstates in the 2D free massless
Majorana fermion theory (solid lines) and critical Ising chain (small empty circles). We have set
L = 128.
(0,1), (1,1), respectively. There are the following exact results [58,68,76,77,99]
S(ρA,Vα,α¯‖ρA,Vα′,α¯′ ) = [(α− α′)2 + (α¯− α¯′)2]
(
1− pi`
L
cot
pi`
L
)
,
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)
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, (C.2)
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,
S(ρA,K‖ρA,J) = S(ρA,K‖ρA,J¯) = 2
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.
We compare the some of the analytical CFT results with the numerical CFT results in Fig. 15.
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Figure 15: Relative entropy of the RDMs in low-lying energy eigenstates in the 2D free massless Dirac
fermion theory (solid lines) and the XX chain with zero field (small empty circles). We have set
L = 128.
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